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Basic Sets and Degree Equations
for Blocks of Finite Groups
(Kazuoki Ikeda)
1. Degree Equations
Let $G$ be a finite group and $p$ a prime. Let $G^{0}$ be the set of p-regular
elements of $G$ and $\{\chi_{1}, \ldots,\chi_{n}\}$ be the irreducible ordinary characters of
$G$. For a subset $J$ of the index set $\{1, \ldots, n\}$ , let $\{\chi_{J}\}=\{\chi_{j}|j\in J\}$ .
There are several methods to distibute the irreducible ordinary charac-
ters of $G$ into p-blocks. Most available one is to use the central characters.
Another one is to use Osima’s Theorem.
THEOREM 1. (Osima) For $J\subseteq\{1, \ldots, n\}$ , if $\Sigma_{j\in J}\chi_{j}(x)\chi_{j}(y)=0$
whenever $x\in G^{0}$ and $y\in G-G^{0}$ , then $\{\chi_{J}\}$ is a union of p-blocks.
Put $\rho_{J}=\Sigma_{j\in J}\chi_{j}(1)\chi_{\dot{J}}$ for $J\subseteq\{1, \ldots, n\}$ . In his paper [8], Harada
stated the following;
CONJECTURE A. If $\rho_{J}$ vanishes on $G-G^{0}$ , then $\{\chi_{J}\}$ is a union of
p-blocks of $G$ .
As in [8], the proof of Conjecture A is reduced to the case where $\{\chi_{J}\}$
is contained in a single block as follows;
CONJECTURE $- A’$ . Let $B$ be a p-block with the irreducible ordinary
characters $\chi_{1},$ $\ldots,$ $\chi_{k}$ , For $J\subseteq\{1, \ldots, k\}$ , assume that $\rho_{J}$ vanishes on
$G-G^{0}$ . Then $\{\chi_{J}\}=B$ or $\emptyset$ ,
On the other hand, we prove the following;
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THEOREM 2. Let $B$ be a p-block of $G$ with defect $d$ which contains the
irreducible ordinary characters $\chi_{1},$ $\ldots,$ $\chi_{k}$ and the principal indecompos-
able characters $\Phi_{1},$ $\ldots,$ $\Phi_{l}$ , Let $D=[d_{is}]$ denote the decomposition matrix
of B. Then the following assertions hold.
(i) There exist $m_{i}\in Z(i=1, \ldots, k)$ which satisfy $[m_{1}\cdots m_{k}]D=$
$[w_{1}\cdots w_{l}]$ , where $\Phi_{s}(1)=p^{a}uw_{s}(s=1, \ldots, l)$ with GCD $\{\Phi_{s}(1)\}=p^{a}u$ .
(ii) If we set $\chi_{i}(1)=p^{a}um_{i}+p^{a-d}u\epsilon_{i}$ $(i=1, \ldots, k)$ , then all $\epsilon$ ;
are integers which satisfy $[\epsilon_{1}\cdots\epsilon_{k}]D=O$ and $\eta_{B}=\Sigma_{i=1}^{k}\epsilon_{i}\chi_{i}$ vanishes
on $G^{0}$ . In particular, we have a degree equation $\eta_{B}(1)=\sum^{k_{=1}}\epsilon_{i}\chi_{i}(1)=0$ .
Proof. (i) Since $D$ has rank $l$ and its invariant factors are all 1, there
are integral invertible matrices $X$ and $Y$ such that $D=X\{\begin{array}{l}EO\end{array}\}Y$ , where
$E$ is the $lxl$ identity matrix. If we put here $[w_{1}\cdots w_{l}]Y^{-1}[EO]X^{-1}=$
$[m_{1}\cdots m_{k}]$ , then $m_{i}\in Z$ and
$[m_{1}\cdots m_{k}]D=[m_{1}\cdots m_{k}]X\{\begin{array}{l}EO\end{array}\}Y=[w_{1}\cdots w_{l}]$
as required.
(ii) As is well-known, $GCD\{\chi_{i}(1)\}=p^{a-d}u$ (see Brauer [1]) and so all
$\epsilon$ : are in Z. By (i) we have
$p^{a-d}u[\epsilon_{1}\cdots\epsilon_{k}]D=[\chi_{1}(1)\cdots\chi_{k}(1)]D-p^{a}u[m_{1}\cdots m_{k}]D=O$ .
Hence for $x\in G^{0}$ ,
$\eta_{B}(x)=\sum_{i=1}^{k}\epsilon;\chi_{i}(x)=\sum_{i=1}^{k}\epsilon_{i}\sum_{s=1}^{l}d_{is}\varphi_{s}(x)=\sum_{s=1}^{l}(\sum_{=1}^{k}\epsilon_{i}d_{is})\varphi_{s}(x)=0$,
where $\{\varphi_{s}\}$ are the irreducible Brauer characters of $B$ . This completes
the proof of Theorem 2.
We call this $\{e_{i}\}$ a residue set associated to $B$ .
THEOREM 3. Let $B$ be a p-block of $G$ with the irreducible ordinary
characters $\chi_{1},$ $\ldots,$ $\chi_{k}$ . For $J\subseteq\{1, \ldots, k\}$ , assume that $\sum_{j\in J}\epsilon_{j}\chi_{j}$ van-
ishes on $G^{0}$ for every residue set $\{\epsilon_{i}\}$ associated to B. Then $\{\chi_{J}\}=B$
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or $\emptyset$ .
Proof. Let $D$ be the decomposition matrix of $B$ . We consider the vec-
tor space $V=\langle[x_{1}\cdots x_{k}]|[x_{1}\cdots x_{k}]D=[0\cdots 0]\rangle$ over the complex field.
Since $D$ is of rank $l,$ $V$ has a basis with entries in Z. Let $\delta=[\delta_{1}\cdots\delta_{k}]$
be an element of $V$ with $\delta_{i}\in Z$ and $\epsilon=[\epsilon_{1}\cdots\epsilon_{k}]$ be a residue set with
$\{m_{i}\}$ associated to $B$ . Then $\epsilon’=[\epsilon_{1}-p^{d}\delta_{1}\cdots\epsilon_{k}-p^{d}\delta_{k}]$ is a residue set
with $\{m_{i}+\delta_{i}\}$ and $\delta=p^{1}\nabla(\epsilon-\epsilon’)$ . Hence $V$ is generated by all $[\epsilon_{1}\cdots\epsilon_{k}]$
such that $\{\{\epsilon_{i}\}\}$ are residue sets associated to $B$ . For every $y\in G-G^{0}$ ,
$[\chi_{1}(y)\cdots\chi_{k}(y)]$ is evidently contained in $V$ by the orthogonality rela-
tion and so it is expressed by a linear combination of $\{[\epsilon_{1}\cdots\epsilon_{k}]\}$ . Hence
$\Sigma_{j\in J}\chi_{j}(y)\chi_{j}$ vanishes on $G^{0}$ by our assumption. Thus from Osima’s The-
orem, we obtain $\{\chi_{J}\}=B$ or $\emptyset$ . The proof is now complete.
Replacing the hypothesis of Theorem 3 with weaker one, we state the
following;
CONJECTURE B. Let $B$ be a p-block with the irreducible ordinary char-
acters $\chi_{1},$ $\ldots,$ $\chi_{k}$ . For $J\subseteq\{1, \ldots, k\}$ , assume that $\sum_{4\in J}\epsilon_{j}\chi_{j}(1)=0$ for
every residue set $\{\epsilon_{i}\}$ associated to B. Then $\{\chi_{J}\}=B\dot{0}r\emptyset$ ,
It is verified that two conjectures $A’$ and $B$ are equivalent.
THEO$REM4$ . Conjecture $A’$ holds if and only if Conjecture $B$ holds.
Proof. First, assume that Conjecture $A’$ holds and $\Sigma_{J\in J}\epsilon_{j}\chi_{j}(1)=0$
for every residue set $\{\epsilon_{i}\}$ . Then the same argument as in the proof of
Theorem 3 implies that $\rho_{J}(y)=\Sigma_{j\in J}\chi_{j}(1)\chi_{j}(y)=0$ for every $y\in G-G^{0}$ .
Hence $\{\chi_{J}\}=B$ or $\emptyset$ .
Conversely, suppose that Conjecture $B$ holds and $\rho_{J}$ vanishes on $G-G^{0}$ .
Since $\eta_{B}=\Sigma_{i=1}^{k}\epsilon_{i}\chi_{i}$ vanishes on $G^{0}$ by Theorem 2, we have
$0=( \eta_{B}, \rho_{J})=(\sum_{i=1}^{k}\epsilon_{i}\chi_{i},\sum_{j\in J}\chi_{j}(1)\chi_{j}.)=\sum_{j\in J}e_{j}\chi_{j}(1)$ .
Hence $\{\chi_{J}\}=B$ or $\emptyset$ which satisfies to complete the proof.
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By Theorem 4, in order to prove Harada’s conjecture, it suffices to
show that Conjecture $B$ holds for every block of $G$ . Many examples show
that the following hypothesis makes sense.
HYPOTHESIS 5. A basic set for a block can be chosen from the set of
irreducible ordinary characters.
Let $B$ be a p-block with the irreducible ordinary characters $\chi_{1},$ $\ldots,$ $\chi_{k}$ .
Under Hypothesis 5, let $\{\chi_{1}, \ldots, \chi_{l}\}$ be a basic set for $B$ and the other
characters are expressed as Z-linear combinations of the basic set on $G^{0}$
as follows;
$\chi_{\lambda}=a_{1}^{\lambda}\chi_{1}+\cdots+a_{l}^{\lambda}\chi_{l}(\lambda=l+1, \ldots, k)$ . (1)
Hence the decomposition matrix of $B$ is of the form
$D=\{\begin{array}{ll}d_{11} d_{1l}\vdots \vdots d_{l1} d_{ll}\sum_{\tau=1}^{l}a_{\tau}^{l+1}d_{\tau 1} \sum_{\tau=1}^{l}a_{\tau}^{l+1}d_{\tau l}\vdots \vdots\sum_{\tau=1}^{l}a_{\tau}^{k}d_{\tau 1} \sum_{\tau=1}^{l}a_{\tau}^{k}d_{\tau l}\end{array}\}\chi_{\chi^{l+^{l}1}}^{\chi_{k’}^{1}}$
Then
$n_{1}$ $=[-a_{1}^{l+1} -a_{l}^{l+1} 1 0 0 0 ]$
$n_{2}$ $=[ -a_{1}^{l+2} -a_{l}^{l+2} 0 1 0 0]$
$n_{k-l}$ $=[ -a_{1}^{k} . .. -a_{l}^{k} 0 0 0 . . 1 ]$
are linearly independent solutions of the equation
$[x_{1}\cdots x_{k}]D=[0\cdots 0]$ .
As in Theorem 2, let $m_{0}=[m_{1}^{0}\cdots m_{k}^{0}]$ be a Z-solution of the equation
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$[x_{1}\cdots x_{k}]D=[w_{1}\cdots w_{l}]$ . (2)
Then
$[m_{1}\cdots m_{k}]=m_{0}+z_{1}n_{1}+\cdots+z_{k-l}n_{k-l}(z_{1}, \ldots, z_{k-1}\in Z)$
are all of Z-solutions of (2). We define, for a residue set $\{\epsilon_{i}\}$ with $\{m_{i}\}$ ,
$\chi(1)$ $=[\chi_{1}$ (1) ... $\chi_{k}(1)]$
$\epsilon$ $=[\epsilon_{1}$ ... $\epsilon_{k}]$ .
Since $\chi_{i}(1)=p^{a}um_{i}+p^{a-d}ue_{i}$ , we have
$p^{a-d}u\epsilon=\chi(1)-p^{a}u(m_{0}+z_{1}n_{1}+\cdots+z_{k-l}n_{k-l})$. (3)
Let. denote the scalar product of vectors. For $J\subseteq\{1, \ldots, k\}$ and
a vector $v=[v_{1}\cdots v_{k}]$ , let $v^{J}$ denote the vector of size $k$ whose i-th
component is $v_{i}$ if $i\in J$ and $0$ otherwise. Then by (3)
$(\chi(1)^{J}-p^{a}um_{0}^{J}-p^{a}uz_{1}n_{1}^{J}-\cdots-p^{a}uz_{k-l}n_{k-l}^{J})\cdot\chi(1)^{J}$
$=p^{a-d}u\Sigma_{j\in J}\epsilon_{j}\chi_{J}\cdot(1)$ . (4)
If $\Sigma_{j\in J}\epsilon_{j}\chi_{j}(1)=0$ for every residue set $\{\epsilon_{i}\}$ , then by (4) we have
$n_{1}^{J}\cdot\chi(1)^{J}=\cdots=n_{k-l}^{J}\cdot\chi(1)^{J}=0$ . (5)
Since $\eta_{B}(1)=\sum_{\dot{\iota}=1}^{k}\epsilon_{i}\chi_{i}(1)=0$ by Theorem 2, similarly we have
$n_{1}^{J’}\cdot\chi(1)^{J’}=\cdots=n_{k-l}^{J’}\cdot\chi(1)^{J’}=0$, (6)
where $J’=\{1, \ldots, k\}-J$ . Hence the next is proved.
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LEMMA 6. Under Hypothesis 5, if there is no non-empty proper subset
$J$ of $\{1, \ldots, k\}$ for which (5) or (6) holds, then Conjecture $B$ holds.
LEMMA 7. Under Hypothesis 5, if a basic set $\{\chi_{1}, \ldots, \chi_{l}\}$ is contained
in $\{\chi_{J}\}$ or $\{\chi_{J’}\}$ and $\sum_{j\in J}\epsilon_{r}\cdot\chi_{j}(1)=0$ for every residue set $\{\epsilon_{i}\}$ associ-
ated to $B$ , then $\{\chi_{J}\}=B$ or $\emptyset$ .
LEMMA 8. Under Hypothesis 5, if the coefficients $a_{s}^{\lambda}$ in the equation
(1) are all non-negative, then Conjecture $B$ holds.
In particular, we deduce
COROLLARY 9. Under Hypothesis 5, if $l=1$ or 2, then Conjecture $B$
holds.
COROLLARY 10. If the irreducible Brauer characters of $B$ are all
liftable, then Conjecture $B$ holds.
Using these Lemmas and Corollaries, we can prove
THEOREM 11. If $G=PSL(2, q)$ such that $q$ is a power of a prime,
then Conjecture A holds.
THEOREM 12. If $G$ is the symplectic group $Sp(4, q)$ , where $q$ is a
power of an odd prime $e_{f}$ then Conjecture A holds for every $p$ different
from $e$ .
Proof. By Theorem 4, it suffices to show that Conjecture $B$ holds for
every block. Basic sets of $Sp(4, q)$ are determined by White in [23-25].
We use the notation of those papers for the characters and the blocks.
The order of $G=Sp(4, q)$ is $q^{4}(q^{2}+1)(q+1)^{2}(q-1)^{2}$ , so if $p(\neq e)$ is a
prime dividing $|G|$ , then $p=2$ or $p$ divides exactly one of $q^{2}+1,$ $q+1$ or
$q-1$ . If $p$ is odd and divides $q^{2}+1$ , then the defect group of each block
is cyclic. If $p$ is odd and divides one of $q+1$ or $q-1$ , then blocks with
non-maximal defect have cyclic defect groups. In these cases, the result
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is clear by Harada [8].
(i) $p=2$ . For the blocks $b_{1}(r),$ $b_{2}(r),$ $b_{3}(r, s),$ $b_{4}(r, s),$ $b_{5}(r, s),$ $b_{67}(r)$
and $b_{89}(r)$ , we have $l=1$ or 2 and for the blocks $b_{I}(r)$ , the irreducible
Brauer characters are all liftable. Hence the result follows by Corollaries
9 and 10. For the other blocks, basic sets and the expressions of the other
characters as linear combinations of the basic sets are shown in the Tables
below. The first row in each Table is a basic set and missing entries are $0$ .
$b_{III}(r)$
$b_{0}$ (the principal block)
For the blocks $b_{III}(r)$ and $b_{0}$ , assume that a subset $J$ satisfies (5) of Sec-
tion 2 and some character in the basic set is contained in $\{\chi_{J}\}$ . Then the
above each Table shows that the other characters are also contained in
$\{\chi_{J}\}$ . Hence the result follows by Lemma 7.
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(ii) $p\neq 2,$ $p|q-1$ . For the blocks $b_{3}(s, t),$ $b_{III}(s),$ $b_{41}(s)$ and $b_{89}(s)$ , we
have $l=1$ or 2 and for the other blocks, the irreducible Brauer characters
are all liftable. Thus Conjecture $B$ holds by Corollaries 9 and 10.
(iii) $p\neq 2,$ $p|q+1$ . For the blocks $b_{4}(s, t),$ $b_{I}(s),$ $b_{21}(s)$ and $b_{67}(s)$ ,
we have $l=1$ or 2 and for the blocks $b_{1}$ and $b_{2}$ , the irreducible Brauer
characters are all liftable. Hence the result follows by Corollaries 9 and
10. For the principal block $b_{0}$ , a basic set and the expressions of the other
characters as linear combinations of the basic set are as follows;
$b_{0}$ (the principal block)
Evidently, the equation (5) or (6) does not occur for any non-empty
proper subset $J$ and the result is clear by Lemma 6. This completes the
proof of Theorem 12.
THEOREM 13. If $G$ is the finite Chevalley group $G_{2}(q)$ , where $q$ is a
power of a prime $e$ , then Conjecture A holds for every $p$ different from $e$ .
2. Basic Sets of Brauer Characters
First, a simple method to distribute irreducible ordinary characters of
$G$ into r-blocks is described, where $\pi$ is a set of primes.
THEOREM 14. Let $\{\chi_{1}, \ldots, \chi_{n}\}$ be the irreducible ordinary charac-
ters of $G$ and $\{x_{1}, \ldots, x_{r}\}$ the complete set of representatives of $\pi$ -regular
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conjugate classes of G. Let $X=[\chi_{i}(x_{j})]$ be the submatrix of the character
table of G. Then by making elementary column operations and interchang-
ing rows, $X$ can be changed of the form
$\{\begin{array}{llll}A_{1} O \prime O \prime A_{t}\end{array}\}$ ,
where each $A_{i}$ is of the form $A;=\{\begin{array}{l}EA_{i}’\end{array}\}$ with the identity matrix $E$ and
can not be arranged of the form $\{\begin{array}{ll}A_{i}’’ OO A_{i}’’’\end{array}\}$ . Furthermore, each $A_{i}$ forms
a single $\pi$ -block of $G$,
We can calculate basic sets consisting of the irreducible ordinary char-
acters for the blocks of 21 sporadic groups and their extensions.
THEOREM 15. For every block of the sporadic simple groups $M_{11}$ ,
$M_{12_{f}}J_{1},$ $M_{22},$ $J_{2;}M_{23},$ $HS,$ $J_{3;}M_{24},$ $M^{c}L$ , He, $Ru,$ $Suz,$ $O’N,$ $Co_{3}$ ,
$Co_{2},$ $Fi_{22},$ $HN,$ $Ly$ , Th, $J_{4}$ , their associated covering and automorphism
groups, a basic set of Brauer characters can be chosen from among the
irreducible ordinary characters.
This is proved by displaying basic sets and the expressions of the other
characters as Z-hnear combinations in the Tables of Appendix. We use
the character tables and the notation in the form of ATLAS-style (see
Conway et $al[3]$ for details).
As in the proof of Theorem 14, let
$A_{i}=\{\begin{array}{lll}1 O \ddots O 1a_{1}^{l+1} a_{l}^{l+1}\vdots \vdots a_{1}^{k} a_{l}^{k}\end{array}\}\chi_{\chi_{k}^{l+^{l}1}}^{\chi}\chi^{1}$
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If we can choose $\{\chi_{1},$ $.$ $’\chi_{l}\}$ such that all $a$} are rational integers, then
$\{\chi_{1}, \ldots, \chi_{l}\}$ is a basic set of Brauer characters for this block and
$\chi_{\lambda}=a1\chi_{1}+\ovalbox{\tt\small REJECT}$ $+alx_{l}$ ( $=l+1$ , . . . , )
on $G^{0}$ . Then the Table in Appendix is displayed as
Missing entries in the Tables are $0$ .
6$App ndix$ (Examples)
Group $J$ $\ovalbox{\tt\small REJECT} 2GG$ $2G2G2\ovalbox{\tt\small REJECT}$ Prime: 2 Defect: $87$ $98$
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Group: $Suz$ $[2.G$ $2.G2]$ Prime: 3Defect: $87$ $87$
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Group: $o’N$ $\{\begin{array}{ll}G G.23.G 3.G.2\end{array}\}$ Prime: 3Defect: $54$ $54$
Group: $o’N$ $\{\begin{array}{ll}G G.23.G 3.G.2\end{array}\}$ Prime: 3 Defect: $32$ $32$
Group: $O’N[GG.2]$ Prime: 7 Defect: 33
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Group: $Fi_{22}$ $[GG.2]$ Prime: 5Defect: 2 2
Group: $Fi_{22}$ $[2.G2.G.2]$ Prime: 5 Defect: 2 2
Group: $Fi_{22}$ $[3.G3.G.2]$ Prime: 5 Defect: 2 2
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